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Abstract

The infrared (IR) signature of a jet aircraft engine in altitude operation is a key
component for the design of effective IR countermeasures and low-emission engines.
Predicting the signature with radiometric models is widely accomplished, but mea-
surements in situ are crucial for model verification. The altitude test cell provides a
venue for measuring the IR signature in a simulated altitude environment, but the
facility is designed for testing engines, not IR imaging. As a result, the imaging in
the test cell is laden with measurement uncertainty due to stray radiation from the
facility structure, hot exhaust gases, and the measurement equipment itself. Post-
processing using correction factors is necessary to extract the engine signal from the
stray radiation. The correction factors, however, inject an additional level of uncer-
tainty in the measurements. The National Aeronautics and Space Administration
(NASA) Glenn Research Center measured the IR signature of a jet aircraft engine in
an altitude test cell in the summer of 2002. They reported measurement uncertainty

as the foremost concern.

With NASA’s efforts as the prime motivation, this research investigated the
uncertainties in measuring the IR signature of a General Electric F110-GE-129 tur-
bofan engine inside an altitude test cell. The engine is measured by an IR camera
immersed in the hot exhaust gases 35 feet downstream from the on-engine axis view.
A protective enclosure and zinc selenide (ZnSe) window shield the camera from the
heat and vibrations of the plume. The requirements for the IR measurement system
include the apparent intensity and radiance of the visible engine surfaces in three
bands of operation, two Medium Wave IR (MWIR) bands and one Long Wave IR
(LWIR) band with a spatial resolution of one inch.

To explore the extent of the measurement uncertainties, a radiometric model

of the altitude test cell at NASA is formulated to quantify the engine and stray flux.

v



To increase the fidelity of the model, the ZnSe window, a source of stray radiation,
is characterized through measurements and experimentation. The resulting data is
employed in the radiometric model. Specific measurement conditions at which the
stray radiation is 5% or less of the total radiation are then derived, thereby decreasing
the necessity for post-processing correction factors. These conditions are derived for
the 3-4 pum, 4.5-5 pm, 8-9 pum, and 8-12 pum bands using a parametric analysis. A
sensitivity analysis in the style of a Monte Carlo simulation is also performed to

gauge the uncertainty in the radiometric model calculations.
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ANALYSIS OF UNCERTAINTIES IN INFRARED CAMERA
MEASUREMENTS OF A TURBOFAN ENGINE IN AN
ALTITUDE TEST CELL

1. Introduction
1.1 The Escalating Threat of Infrared-Guided Missiles

Since the early 1950’s, infrared (IR)-guided missiles have been the most ef-
fective anti-aircraft weapon ever developed. From Vietnam through Desert Storm,
the missile lays claim to more aircraft shootdowns than any other anti-aircraft sys-
tem [36]. In the Chechnyan war with Russia in 1994, evidence reveals that 15 of
38 aircraft losses were the result of IR missiles, with an additional 10 shootdowns
suspected of the same fate [18]. IR-guided missiles have clearly been a threat to air-
craft in the late 20th century, but they are of no less concern today. Shoulder-fired
IR~guided missiles, in particular, are a vexing problem facing the United States (US)

and other countries.

Known as man-portable air defense systems (MANPADS), the surface-to-air
(SAM) missiles are lightweight, transportable, and inexpensive, with the flying range
to potentially strike both military aircraft and commercial airliners. After the break-
up of the Soviet Union, Soviet-made MANPADS were reportedly sold on the black
market. Some of these weapons are now in the hands of rogue nations and terrorists
groups, and consequently, they present a persistent threat to US military aircraft
worldwide. The Stinger, a US-built MANPAD, is also a threat to the US. They
were furnished to the Afghan mujahideen in the 1980’s and have reportedly been
proliferated along with the Soviet systems [28,33].

1-1



Recent events are clear evidence of the escalating threat of IR-guided missiles.
In November 2002, two shoulder-fired IR-guided missiles were shot at Arkia Flight
582, a Boeing 757 passenger airplane carrying over 270 passengers from Mombasa,
Kenya, a resort location for Israelis [32]. The missiles missed the airplane, but a
coordinated attack on a hotel resort by a suicide bomber left 15 people dead. A
year later in August 2003, a British national was arrested for attempting to smuggle
a Russian-made SA-18 MANPAD into the US with the reported claim of shoot-
ing down a commercial airliner [3]. In response to the growing threat of IR-guided
missiles, the Department of Homeland Security is investigating the use of IR coun-
termeasure systems on commercial airliners. In May of 2003, they submitted a plan
to Congress detailing a two-year program aimed at “the development, testing, and
evaluation of an anti-missile system device on a single aircraft type [1].” The plan
calls for a simultaneous effort to obtain the requisite certification from the Federal
Aviation Administration (FAA) so that the anti-missile device can be operational
on commercial aircraft by the end of the two-year program. The funding of the pro-
gram for fiscal year 2004 was approved by The Department of Homeland Security
Appropriations Act for 2004, granting $60 million for development and testing of the

IR countermeasure system.

1.2 Problem Description

The accurate IR signature measurement of military and commercial aircraft
engines is paramount for designing effective countermeasures against IR-guided mis-
siles. It is also important for designing engines with suppressed IR signatures. For
stealth aircraft such as the F-117, B-2, and F-22, engines with reduced IR signa-
tures allow the aircraft to fly deeper into enemy territory without detection from a
heat-seeking missile. Radiometric software modeling is widely used to predict the IR
signature of the engine, but IR measurements of a real engine at altitude are crucial

for verifying the computer models. IR signature data obtained early in the engine
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development offers unique insight well before the aircraft is flight-tested. Thus, any
discrepancies between computer model predictions and measured IR signatures can

be thoroughly analyzed and reconciled before full-scale production.

A possible solution is to obtain the engine signature in an altitude test cell
where the engine can be measured in simulated altitude operation. Since altitude
test cells are typically employed to test engine performance, it a convenient to obtain
the IR signature at the same venue. Efforts to achieve this goal have already been
attempted. The National Aeronautics and Space Administration (NASA) Glenn Re-
search Center measured the IR signature of a jet aircraft engine at the Propulsion
Systems Laboratory (PSL) altitude test cell in the summer of 2002. The surface
temperatures of the nozzle were then derived from the signature data, but the tem-
peratures did not generally agree with data from thermocouples adhered to the noz-
zle. NASA questioned the accuracy of the measurement system and recommended
improvements to reduce measurement uncertainty. If these measurement uncertain-
ties are analyzed, quantified, and controlled, however, the altitude test cell may be

a viable measurement facility for IR signatures of jet engines.

1.8 In Situ Test Overview

The following objective, imaging configuration, and imaging requirements were
supplied by General Electric Aircraft Engines and are as agreed upon by other con-

tractors and government.

1.3.1 Objective. ~ The broad objective is to measure the IR signature of an
augmented turbofan engine in simulated altitude operation from within an altitude
test cell. The signature data will be used to verify IR signature predictions and

engine surface temperatures during altitude operation.

1.3.2  Imaging Configuration. The engine nozzle and directly visible sur-

faces are measured by an IR camera(s) immersed in the hot exhaust gases approx-
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imately 35 feet downstream of the nozzle aperture plane from the on-engine-axis
view. A protective enclosure with an IR-transparent window shields the camera(s)

from the hot exhaust gases.

1.3.8 Imaging Requirements.  The objective described in Section 1.3.1 must

be achieved while in compliance with the following requirements:

e The IR signature of the engine nozzle and directly visible surfaces must be
obtained spectrally in three distinct atmospheric transmission windows - two

Medium Wave IR (MWIR) bands and one Long Wave IR (LWIR) band.

e The IR data must be processed to report both in-band radiance (watts/cm?-
steradian) of the engine surfaces with a spatial resolution of one inch, and
apparent in-band radiant intensity (watts/steradian) of the engine cavity. Both

data sets must be reported for each of the three bands listed above.

e The IR data will be obtained with a measurement uncertainty threshold of

10% or less with an objective of 5% or less.

1.4 Thesis Qverview

Under the guidelines established in Section 1.3, the thesis is rooted in the
premise described below. The scope and organization of this document follow in the

subsequent sections.

1.4.1 Premise. Ideally, the radiation incident on the infrared camera is
solely from the engine. In this scenario, the infrared signature can be determined di-
rectly and the primary measurement uncertainty is from the camera response itself.
In the altitude test cell, however, stray radiation from the facility structure, camera
enclosure, and IR-transparent window are produced in addition to the engine radi-
ation. The engine and stray radiation are also attenuated by the atmosphere and

window, further altering the signature data. As a result, post-processing is required
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to extract the engine radiation using correction factors, not to mention the increase
in detector noise'. The correction factors, however, can contribute additional mea-
surement uncertainty because their application assumes an accurate and complete
knowledge of the measurement environment - spatially, spectrally, and temporally.

In the altitude test cell, this assumption is not easily achieved.

The approach of this thesis is to decrease the need for correction factors by
determining the conditions in which the IR signature can be measured with minimal
stray radiation. The potentially complicated post-processing to remove the stray
radiation can then be decreased. The corrections for window and atmosphere at-
tenuation will not be eliminated, but the stray radiation, if minimized to desired
levels, can be considered the opportunity cost of using the altitude test cell as an IR
measurement facility. With an emphasis on pre-test planning rather than post-test

analysis, the cost of obtaining accurate IR signature data will be greatly reduced.

1.4.2 Scope.  The scope of the research entails the following tasks:

e Research the previous IR imaging test by NASA-Glenn

e Obtain the emittance, transmittance, and BRDF of the spare zinc selenide
(ZnSe) window used in the previous NASA test through measurements and

experimentation

e Formulate a radiometric model of the altitude test cell at the NASA-Glenn
Propulsion Systems Laboratory (PSL) to quantify the stray radiation and at-

tenuation

e Perform a parametric analysis to find the operating conditions resulting in 5%

or less stray radiation

e Perform a sensitivity analysis to assess the uncertainties in the radiometric

model calculations

LGeneration-recombination noise, shot noise, and modulation noise all increase with increased
radiation incident on the detector [37].
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1.4.83 Thesis Organization. As detailed above, Chapter I introduces the
problem and describes the objectives, premise, and scope of research. Chapter II
presents a basic review of radiometry, turbofan engines, altitude test cells and other
select topics to support the remaining chapters. It also provides an account of
NASA’s previous measurement system. Chapter III is an account of measurements
and experimentation performed on the spare ZnSe window used in the past NASA
test. The results are applied to the radiometric model of the altitude test cell as
presented in Chapter IV. The formulation of a parametric and sensitivity analysis
are also explored in Chapter IV. Chapter V provides the results of the parametric
and sensitivity analysis, identifying conditions for minimal stray radiation as well as
the uncertainty in the radiometric model calculations. Design recommendations and

future work are reported in the final chapter.

1-6



II. Background
2.1 Qverview

Chapter II underscores the basic principles and concepts applied in this re-
search, including a review of radiometry, turbofan engines, altitude test cells, and a
discussion on infrared imaging. In addition, after a short review of error propaga-
tion and uncertainty, a literature review relating to infrared imaging of jet engines

is presented.

2.2  Radiometry Review

2.2.1 Infrared Spectrum. All matter at finite temperature (i.e. greater
than 0 K) radiates electromagnetic radiation in the infrared bands due to random
molecular motion. The term wnfrared is derived from the Latin word infra meaning
below. In terms of frequency, the infrared bands are located directly below red light
in the visible range. As displayed in Figure 2.1, the infrared spectrum spans from
approximately 0.70-1000 pym. The lower portion of the spectrum is divided into
three primary bands: the short wave infrared band (SWIR) from 0.7-3 pym, medium
wave infrared band (MWIR) from 3-5 um, and long wave infrared band (LWIR)
from 8-14 pm. The region from 5-8 pm is excluded because radiation in this region
is severely attenuated by the atmosphere. Beyond 14 pum is deemed the far and
extreme infrared bands, successively. Portions of the MWIR and LWIR bands are

considered ‘transmission windows’ because the average transmittance is high.

2.2.2  Terminology. Energy transported by an electromagnetic wave is
measured in joules (J). The time rate of change of energy, called radiant fluz, is
measured in watts (W), equivalent to one joule per second (J/s). To quantify the
amount of flux either emitted by a source or incident on a detector, several radio-

metric terms are commonly used. Radiance is defined as the flux (®) emitted by an
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Figure 2.1:  The infrared bands and their position in the electro-
magnetic spectrum.

extended source per unit projected source area (A, cos 0,) per unit solid angle! (£2,).
An extended source is one that has appreciable area compared to the square of the

distance to the target. Radiance has units of W-cm™2-steradian™! and is given by

0*®
L= 0A; cos0,00,4 (2.1)
where
00y = 0A4cos04/r* . (2.2)

The variable r is the distance from the source to the detector and A, is the area of
the detector?. The angles 6, and 6, are the angles measured from the source and
detector normals, respectively, to the line connecting the source and detector points.
Radiance is a versatile term because it can be used to derive other radiometric terms.
Rearranging Equation (2.1), for example, and solving for the second partial of the

flux yields

P = LIA, cosb, 09y . (2.3)

!The solid angle is measured in steradians (sr).
2In an optical imaging system, the area of the optic, A,, takes the place of A4 in calculations
because the optic collects the flux and focuses it on the detector.
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The flux can be isolated by integrating both sides twice resulting in

b = //Lcos 0, dA;dQYy . (2.4)

The terms exitance and irradiance can easily be derived from Equation (2.3) or (2.4).

Ezitance is the flux emitted per unit source area into a hemisphere of 27 steradians

and is typically measured in W-cm™2:

0o

MZ@AS

L
- /—200s05 cosBydAy . (2.5)
r

Likewise, irradiance is the flux from a hemisphere of 27 incident on a unit area

detector surface and is also measured in W-cm™2:

0P L
EFE=—= [ —cosf,cos0,;dA, . 2.6

dAq4 / r2 ¢ (2:6)
When the target does not have appreciable area (i.e. A, < r?), it is considered
a point source. Radiance and exitance cannot be used to quantify the flux from a
point source because they are defined with respect to source area. Accordingly, the

term intensity, measured in W-steradian™!, is employed:

o
I= 0 _ /Lcos@sdAs. (2.7)

=G =
Intensity of a source is not measured directly, however, because the flux decays as the
square of the distance to the source [7]. Using the Equation (2.7) and the definition
of solid angle from Equation (2.2), the intensity can be determined by dividing the
flux collected by the detector by the area of the detector and multiplying by the

square of the distance.

When applying these terms to radiometric problems, it is common to assume
that the source is Lambertian. The radiation from a Lambertian source is indepen-

dent from the direction of measurement, that is, radiance is not a function of 6 [16].
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For a planar, Lambertian source,

M=nxL. (2.8)

Equation (2.8) can be derived by integrating Equation (2.5) over 27 steradians [9)].
Although radiation from a Lambertian source is independent of 0, the intensity of the
source varies as the cosine of the angle between the source normal and the direction
of measurement. The dependance of intensity on # is due to the fact that radiance

is a function of the projected area of the source, A, cos 6.

Infrared radiation is not distributed evenly into all wavelengths. Planck’s ra-

diation law, explored in the following section, characterizes its spectral nature.

2.2.8  Blackbody Radiation Theory. A blackbody, as defined by Kirchhoff, is
a perfect absorber [17]. It absorbs all radiation incident upon it. For the blackbody
to be in thermal equilibrium, it must radiate all the energy that it absorbs within
a given time frame; therefore, the blackbody is also a perfect radiator. It radiates
the maximum number of photons per unit time from a surface area in a wavelength
interval that any surface can radiate at a given kinetic temperature. No surface in
thermodynamic equilibrium can radiate more photons unless it contains fluorescent
or radioactive materials. Although a true blackbody is purely theoretical, blackbody
sources can be manufactured with nearly ideal properties and are commonly used to

calibrate infrared imaging systems.

Planck’s radiation law® describes the spectral exitance for a blackbody source

at a given temperature, T:

2mhc?
A3 (ehe/ T 1)

M\, T) = (2.9)

3Planck’s radiation law accounts for the radiation from a source as integrated over a hemisphere
of 27 steradians.
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where T' is the temperature in Kelvin (K), A is the wavelength in pm, A is Planck’s
constant ~ 6.6 x 10734 J.s, k is Boltzmann’s constant ~ 1.38 x 1072 J.-K~!, and ¢
is the speed of light ~ 2.99 x 10® m-s~!. Since a blackbody is perfectly Lambertian,

its radiance is simply the exitance divided by =

2hc?
N (ehe/ T _ 1) °

LN, T) = (2.10)

The total exitance within a bandwidth, A\, can be found by integrating Equa-
tion (2.9) over a spectral band. It is called in-band* exitance:

2mhc?
M(T) = /A e (2.11)

Figure 2.2 shows blackbody exitance curves from Equation (2.9) for temperatures
spanning from 1000-1500 K. As the temperature increases, the peak of each exitance
curve shifts to shorter wavelengths. The spectral location of the peak for a given
temperature can be determined by finding the maximum of the partial derivative of
Equation (2.9) with respect to wavelength. The result is called the Wien Displace-

ment Law [9]:

(2.12)

The wavelength of maximum exitance for a source at 1000 K, for example, is 2.898 pm.
Figure 2.2 provides visual confirmation. If the source temperature range is known,
the Wien Displacement Law is a useful tool for choosing an appropriate detector that
is responsive at wavelengths with maximum energy. It may also be important that
the detector is sensitive so that a large change in exitance is observed for a corre-

sponding change in temperature. By finding the maximum of the partial derivative

4Other terms, such as intensity, irradiance, and radiance can also be described as in-band quan-
tities. The expression implies that the radiometric quantity has been integrated over wavelength,
eliminating the spectral dependence.
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Figure 2.2:  Blackbody curves for increasing temperature.

of Equation (2.9) with respect to both wavelength and temperature, the ezritance
contrast is defined as follows:

2410 (um K)

MaTcontrast ~ T

A (2.13)

Figure 2.3 reveals that for a given temperature, the region of maximum energy and

sensitivity may not always align.
To determine the total exitance from a blackbody, the spectral exitance curve

from Equation (2.9) can be integrated over all wavelengths:

> 2mhc? .
M(T) :/0 T (2.14)

The resulting expression is known as the Stefan-Boltzmann Law where o, is known as

the Stefan-Boltzman constant and is approximately equal to 5.67 x 10712 W.cm?- K.
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Since IR detectors are inherently band-limited, Equation (2.14) is primarily used for

rough calculations.

Planck’s radiation law describes the spectral distribution of exitance for an
ideal blackbody. Real sources, such as an aircraft engine, do not radiate as much as

a blackbody and must be characterized in terms of their emissivity.

2.2.4 FEmissivity.  Emissivity, €, is the measure of how well a source radiates
as compared to a perfectly radiating blackbody. It is a dimensionless quantity that
is defined for 0 < € < 1. By definition, emissivity is the ratio of the spectral exitance
of a real source to the spectral exitance of a blackbody at the same temperature, T',

and wavelength, \:

M\, T)
eNT) = —1 . (2.15)
My(N,T)
I I
14 : — Exitance Contrast
—%— Wien's Law
12 . -
10 ; B
€
2
< 8 n
6l B
a4l B
¥
1 1 1 1 1 1 1
200 300 400 500 600 700 800 900 1000

Temperature (K)

Figure 2.3:  Comparison of Wien’s Law to exitance contrast.
At 500 K, the peak exitance occurs at 5.79 pum, but the peak
change in exitance at the same temperature occurs at 4.82 pym.
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As evident from Equation (2.15), emissivity is a function of wavelength. The emissiv-
ity of a blackbody is equal to one for all wavelengths whereas the emissivity of a real
source is always less than one. Real sources are grouped into two categories: gray-
bodies and selective radiators. Graybody emissivity is independent of wavelength;
selective radiator emissivity varies with wavelength. For example, the emissivity of

a graybody might be quoted as e=0.5, but €(\) for a selective radiator.

Figure 2.4 compares the spectral exitance of a blackbody, graybody, and a
selective radiator at 1000 K. The graybody exitance is a scaled version of the black-
body and maintains the shape of the curve. The peak of the graybody and blackbody
curves will always coincide if they are both at the same temperature [2]. The exitance
of the selective radiator, however, has a different shape peak the shape due to the
spectral dependence of emissivity. The in-band spectral exitance from a graybody

or selective radiator from Equation (2.11) becomes

M(T) = /ME(A) AS(efjﬁj_ g (2.16)

If the radiation source is a graybody, the emissivity factors out of the integral and

the Stefan-Boltzmann Law holds for the total exitance over all wavelengths:

My(T) = e T" . (2.17)

Consequently, the total exitance from a graybody or selective radiator, as represented
in Equation (2.16) will always be less than the total exitance from a blackbody in

Equation (2.11) at the same temperature.

The equations for in-band radiance with emissivity follow from Equation (2.10):

2mhc?
L(T) = /A O 3y P (2.18)
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Figure 2.4:  Comparison of the spectral exitance from a blackbody,
graybody with ¢ = 0.6, and a selective radiator. The blackbody
exitance curve is the ideal maximum for all wavelengths.

and

T
Lp(T) = 22— . (2.19)
m

2.2.4.1 Kirchhoff’s Law. When radiation is incident on a body in
thermal equilibrium, a fraction is absorbed («), a fraction is reflected (p), and a
fraction is transmitted (7). These fractions are known as the absorptivity, reflectivity,
and transmissivity, respectively. In general, they are functions of wavelength. Due

to the conservation of energy, the sum of the fractions adds to unity [37]:

a(A)+pN)+71(N) =1, (2.20)
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where

a = (I)absorbed/q)incident (221>
p = (I)T’eflected/q)incident (222)
T = (I)transmitted/q)incident . (2 23)

Kirchhoff’s Law states that the integrated emissivity equals the integrated

absorptivity for a material in thermal equilibrium:

a= / a(N)d\ = / e(A)dr=e. (2.24)
0 0
This relationship can be easily derived by examining Kirchhoff’s Law as he first

recorded it in 1858 [16]:

My (X, T) = w , (2.25)

where M () is the exitance from a graybody source. From the Stefan-Boltzmann

Law, Equation (2.25) then becomes

I
o Tt = T (2.26)
«

where it follows that o = €. It is also true that

a(AX,T) = €(AX, T) (2.27)

for identical temperatures and spectral regions. This congruency between absorp-
tivity and emissivity is justification for the common expressions, “a good absorber

is a good radiator,” and “a good reflector is a poor radiator.” Substituting Equa-
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tion (2.24) into Equation (2.20) yields:

e\ + p(\) +7(\) = 1. (2.28)

For opaque objects, Equation (2.28) becomes

e\ +p(\) =1, (2.29)

since an opaque object does not transmit energy. Equation (2.29) is especially im-
portant when accounting for reflected background radiation, as described in the

following example.

The exitance from three metal plates at 150°F with varying surface rough-

nesses is displayed in Figure 2.5. The first plate is painted black, the second plate

Black
-— - Sandblasted

— Shin
1 ' fﬁwﬁa | =

q‘%“%ﬂ

Exitance (W/ cmz—pm)
w

N

10 12 14

8
A (um)

Figure 2.5:  The exitance from three metal plates at the same
elevated temperature. Due to different surface roughnesses, the
measured exitance is not equal for each plate.
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is sandblasted, and the third plate is polished smooth. As depicted in the plot,
the plates do not radiate equally although each plate is at the same approximate
temperature. Thus, the surface treatment of the plates plays a role in their abil-
ity to radiate. Specifically, the black paint has the largest emissivity and produces
the most radiation, whereas the shiny plate has the lowest exitance and the lowest
emissivity. The peaks of the curves also shift to lower wavelengths as the emissivity
decreases, indicating an increasing contribution from background reflections, as ex-
plained below. The deviation from the smooth Planck curves displayed in Figure 2.2
can be attributed to the spectral nature of the emissivity as well as attenuation of

the measured signal by gaseous water and carbon dioxide in the atmosphere.

The total exitance from each plate is a linear combination of two Planck func-

tions: the self radiation from the plate and the reflected background radiation®:

Mtotal()\) = 6()\) [Mplate()\ 9 Tplate)] + P()\) [Mback()\ 9 Tback)] . (230>

Since € + p = 1 for opaque objects, an object with high emissivity has a correspond-
ing low reflectivity and vice versa. In the case of low emissivity, the total exitance
from the object is strongly affected by the background radiation because of the high
reflectivity coefficient. This relationship explains why the shiny plate has the lowest
exitance - its total exitance is dominated by the high reflectivity coefficient and cool
background temperature. Figure 2.6 shows the self and background radiation for the
black and shiny plates. The background radiation reflected from the shiny plate is
much larger than reflected from the black plate.

SEquation (2.30) assumes that the temperature of the background, Thacx, is constant within the
half-sphere as seen by the plate. This assumption is realistic if the background temperature is at
thermal equilibrium and the surroundings are large compared to the target area. The equation
also assumes that the background is a Lambertian radiator with e=1. Under these stipulations,
the reflected exitance, p(A) [Mpack (N, Thack)], is equal to the background irradiance, Epqcr, where
Epack, = TLypack [10]
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2.2.4.2 Directional Emissivity.  Emissivity, in general, is a function of
angle, although omitted previously for simplicity. It can vary both in the elevation
angle, 6, and the azimuth angle, ¢. The directional emissivity is defined as the ratio

of the radiance from the source to the radiance of a blackbody as follows [37]:

_L(\,6,9)
e(A,e,qs)_m. (2.31)

Typically, when a value of emissivity is quoted for a material, it is specified as a
‘normal’ emissivity, implying that the emissivity was measured in a direction normal

to the surface. Reflectivity, as suggested in Equation (2.29), is also a function of

Shiny Plate Black Plate
x107° €=0.03 x107° £=0.91

T T T T
|| — Total || — Total
— - Background — - Background
e Plate e Plate
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Figure 2.6:  The total exitance from the black and shiny metal
plates is decomposed into the exitance from the plate and exitance
from the reflected background.
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angle, and will be discussed in more detail in Section 2.2.5. For a Lambertian

radiator, the directional emissivity is constant for all viewing angles [27].

2.2.4.8 Emissiwvity Characteristics of Metals and Dielectrics. Mea-
surement in Thermography [27], a training manual from FLIR Systems, provides
emissivity characteristics for metals and non-metals. A similar discussion can be
found in Hudson [17]. The emissivity of metals measured over a wide bandwidth
increases with increasing temperature, oxidation, and surface roughness. For non-
metals (i.e. dielectrics) such as paint, however, the emissivity decreases slowly with
temperature. Most paints have high emissivities (0.8 and higher) regardless of vi-
sually perceived color. These trends do not hold for all metals and dielectrics, but
they can be useful as general guidelines. It should also be noted that emissivity is
generally a characteristic of the surface, not the underlying material. For example,
polished silver with € ~ 0.03 at 100°C can be painted black to achieve an emissivity

of roughly 0.9 or greater [37].

As a final note, the terms emissivity, reflectivity, and transmissivity will be re-
ferred to as emittance, reflectance, and transmittance, respectively, for the remainder
of this thesis. It is customary to use the former when referring to ideal sources such
as a blackbody, much in the way the term conductivity is used generically for the

metal copper whereas conductance is used for copper with specified dimensions [27].

2.2.5 DBidirectional Reflectance Distribution Function. When radiation is
incident on a body, as described in Section 2.2.4.1, some of the radiation is reflected.
To characterize the distribution of the reflected energy, the terms specular and diffuse
are utilized. As described by Hecht [15], a specular reflection occurs on a smooth
surface where the surface irregularities are small compared to wavelength. The
reflected radiation obeys Snell’s Law of reflection in which the angle of reflection is
equal to the angle of incidence, and the Fresnel reflectance coefficients are employed.

A diffuse reflection (i.e. scattering) occurs on a rough surface in which the surface
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irregularities are large compared to wavelength and the radiation is reflected in a
myriad of directions. A perfectly diffuse surface is called a Lambertian reflector
and the reflected radiation is dispersed uniformly into 27 steradians. Specular and
Lambertian reflections are extreme cases that are never observed with real materials.
Reflections always both a specular and Lambertian component, and thus reflectance
always has an angular dependance. To model reflections, F.E. Nicodemus and his
coworkers derived the Bidirectional Reflectance Distribution Function (BRDF) and

corresponding notation in 1977 [26].

To simplify analysis, Nicodemus made several assumptions in the derivation
of the BRDF. Foremost, geometrical optics (GO) were assumed, so any interference
or diffraction effects were ignored. Also, the reflected radiation is solely derived as
a function of position without regard to spectral, temporal, polarization, or fluores-
cence parameters. Nicodemus also assumed a flat, isotropic, uniformly illuminated
surface. As Stover notes [34], the incident beam is also assumed to be collimated
and have a uniform cross section. Under this premise, the BRDF as defined by

Nicodemus is

dLT(eia ¢i7 67“7 ¢T’7 EZ)

fT(9i7¢i767’7¢T> = dE(Q (b) 3 (232>

where from Equation (2.6),

Thus, the BRDF is the ratio of the differential reflected radiance in the angular
direction (6,, ¢,) to the differential irradiance incident on the surface from the angular
direction (0;, ¢;). Figure 2.7 depicts these angles graphically. The units of the BRDF
are inverse steradians and as such, the BRDF is defined from 0 < BRDF < oco. The
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Figure 2.7:  Geometrical depiction of the BRDF as defined by
Nicodemus [26].

two extreme cases, specular and Lambertian, result in BRDF values of
10, 03, 0., br) = % for Lambertian reflection , (2.34)
which has ties to Equation (2.8) and
[0, 0i, 0., 0r) = pd(0; — 0,)0(¢p; — ¢,)  for specular reflection, (2.35)

implying that specular reflectance is zero unless 6, = 0; and ¢, = ¢; [37].
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Figure 2.8:  BRDF of F16A/B paint on aluminum measured
at 1.06 um (unpolarized) by the Optical Measurement Facility
at Wright Patterson AFB, Ohio. The retro-return was measured
for incident angles ranging from 0-88°.

Figure 2.8 is an example of BRDF data from a sample of painted aluminum.
The measurement of the aluminum sample captured the retro-reflection for incident
angles ranging from 0-88°. A retro-reflection is the component of the reflection anti-

parallel to the incident beam, that is, aimed directly back at the illuminating source.

2.2.6  Atmospheric Transmission.  As radiation traverses through the atmo-
sphere, some of the radiation is transmitted, some is scattered, and some is absorbed
as noted in Equation (2.20). The amount of radiation that reaches the detector is the
fraction that is transmitted; the remainder is lost to reflection and absorption. The
transmittance over a path length, x, of homogeneous atmosphere can be modeled by

Beer’s Law [17,19]:

Tatm = e—a()\)w s (236)
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where o is the extinction coefficient and is comprised of an absorptance, a()), and

scattering, (), component:
a(A) =a(A) +y(N) . (2.37)

From Equation (2.36), it is evident that as the path length increases, the transmit-
tance decreases exponentially. The radiation from a distant aircraft, for example,
would be attenuated much greater than the radiation from a blackbody source inside
a laboratory due to the greater path length. After traversing through an atmosphere

with transmittance, 7,,,()), the flux from a radiation source is

B(N) = / / €(\) Tam(N) LV T) cos 0, dA, Sy | (2.38)

which follows from Equations (2.4) and (2.18).

In addition to range, atmospheric transmission is also a function of tempera-
ture, humidity, pressure, and most importantly, the gas constituents with absorp-
tion bands in the infrared, especially carbon dioxide and water vapor [27]. These
parameters can be modeled within the extinction coefficient. Modeling the spectral
transmittance of the atmosphere is a topic of vast research and will not be explored
in greater detail here. Many of the atmosphere transmittance models, however, such
as the Aggregate method and LOWTRAN method are summarized in The Infrared
Handbook [37).

As a final note, infrared signature data attenuated by the atmosphere is typ-
ically referred to as apparent data. Conversely, source data is derived from the

signature of a target at zero range (without atmospheric attenuation) [7, 38].

2.2.7 Atmospheric Emission and the Plume Spikes. The hot exhaust gas
streaming from an engine nozzle is called a plume. Its main constituents are gaseous

water (H2O) and carbon dioxide (CO3). Unlike solids which radiate in wide spectral
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bands as described by the Planck function, gases emit in narrow bands. The width
of the band is dependent, in part, on the temperature of the gas. As the temperature
of the gas increases, the width of its emission band widens. Since a good radiator
is a good absorber, the width of the absorption band also increases with tempera-
ture. The plume, therefore, radiates in the same spectral regions where it absorbs

radiation, i.e. the emission and absorption regions coincide [27].

According to The Infrared Handbook [37], water is a strong absorber near
1.87 pm, 2.7 pm, and 6.27 um. Carbon dioxide is a strong absorber near 2.7 um,
4.3 pum, and entire band between 11.4 pym and 20 um. Consequently, the plume
radiates in these same spectral regions, but the radiation is partially absorbed by
the absorption bands in the ambient atmosphere. The plume radiation from carbon
dioxide at 4.3 pum, for example, is attenuated by the ambient atmosphere by the
absorption band centered at 4.3 um. The width of the absorption band, however, is
narrower than the emission band because the ambient atmosphere is cooler than the
plume. Thus, the middle of the emission is attenuated much more than the edges,
leaving two radiation spikes, one at 4.18 pm and one at 4.5 um. These spikes are

called the ‘blue spike’ and ‘red spike,” respectively [27].

The emittance of the atmosphere can be approximated by

€atm()\) =1- Tatm()\) (239)

because the reflectance, p(\), from Equation (2.20) can often be safely ignored [27].

An assessment of the accuracy of this approximation is provided in Section 4.5.3.

2.3  Turbofan Engines

The General Electric F110-GE-129 Increased Performance Engine (IPE) serves
as the target engine for this thesis. A cutout view of the engine is displayed in

Figure 2.9. The F110 is an augmented turbofan engine and represents a typical Air
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Force fighter powerplant as it is widely used to power F-16C/D aircraft. Section 2.3.1
describes the basic operation of an augmented turbofan engine as presented by Mat-
tingly [24]. The subsequent section provides specific details about the F110 engine
from the General Electric Aircraft Engines F110 manual [13]. The altitude test cell,

a facility where the engine is tested, is described in Section 2.4.

2.3.1 Parts and Basic Operation. A turbofan engine is a type of gas
turbine engine with a engine core comprised of a compressor, combustor, and turbine.
The turbofan engine is equipped with a large fan in front and an extra turbine in
back. Acting as a propulsion system, the turbofan engine produces thrust to provide

sufficient lift for sustained flight. For an ideal turbofan engine, thrust is given by

P Ve Vi) gy Vo)
Je e

, (2.40)

where m, and niy are the mass flow rates of the core and fan flow, respectively, V4
and V. are the velocities of the intake and exhaust flow, V} is the velocity of the
fan flow, and g, is the gravitational constant [24]. Accordingly, the turbofan engine
derives thrust from two contributions - the core flow and the fan flow. By employing
a large fan, the mass flow rate of air through the engine is increased. Consequently,
decreased exit velocities are required and the propulsive efficiency of the engine is

increased.

In operation, the inlet captures the free-streaming air and directs it to the fan.
The inlet also slows the air flow to suitable levels for the compressor. A portion
of the air passes through the fan and into ducts in the engine casing that bypass
the engine core. The remaining air, called the core flow, passes through the fan
and into the compressor, a series of airfoils with stationary vanes, or stators, and
rotating blades, or rotors. The compressor pressurizes the incoming air to decrease
its volume for more efficient combustion. The core air streams rearward into the

combustor and is mixed with fuel. When a spark is applied, the fuel-air mixture
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Figure 2.9:  Cutout view of the F110-GE-129 with the major components

labeled.
is ignited and the resulting hot exhaust gases flow into the high pressure turbine.
The high pressure turbine is a series of airfoil blades forming a rotary motor. The
kinetic energy from the high-speed exhaust gas rotates a drive shaft that powers
the compressor. The exhaust gases exit the high pressure turbine and enter the low
pressure turbine, powering another drive shaft to power the fan. The hot exhaust
gas thus powers both the compressor and the fan, sustaining the operation of the

engine.

After flowing through the low pressure turbine, the core flow of hot gases and
cooler fan flow combine in the augmenter mizer. During augmented operation, called
afterburner, the mixture of core and fan flow is ignited with fuel in the augmenter
for additional thrust. In either case, augmented (wet) or dry operation, the mixture
of core exhaust and fan exhaust exit the engine through the exhaust nozzle. The
nozzle serves to increase the velocity of the exiting exhaust thereby decreasing its

pressure for maximum thrust.

2.3.2 F110-GE-129. The F110-GE-129 Increased Performance Engine
(IPE) became operational on the F-16C/D with the United States Air Force (USAF)
in April of 1992 and has been selected for more than 75% of the F-16 Block 50/52
aircraft [13]. It also powers F-16s for Turkey, Greece, and Japan.
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The engine is approximately 15 feet long with a maximum diameter of 46.5
inches. It weighs 3,980 pounds without fuel and produces approximately 29,000 Ibs
of thrust. The engine has a three-stage fan with variable inlet guide vanes (IGV)
to control air flow and intake angle. With a bypass ratio of 0.76, roughly 43% of
the air entering the fan bypasses the engine core. The remaining 57% is drawn into
the nine-stage compressor. The first three stages of the compressor have variable
geometry IGVs and stator vanes. Before the core flow enters the annular combustor,
its velocity is reduced with a diffuser. In the combustor, the fuel-air mixture is ignited
by two spark plugs and supplied with fuel by 20 fuel nozzles. In the augmenter mixer,
the cool fan flow mixes with the hot exhaust gases (a.k.a core discharge) via 20 cold

chutes and 20 hot chutes.

During augmented operation, fuel is sprayed into the mixture from 59 spray-
bars. A flameholder in the augmenter maintains a flame to ignite the fuel-air mixture.
All airflow, in the case of either augmented or dry operation, exits the engine through
the exhaust duct and out the convergent /divergent exhaust nozzle. The nozzle has
12 fan-air-cooled primary flaps and seals. The seals overlay and obscure all but the
center strip of the flaps during dry operation. The nozzle also has 12 fan-air-cooled
secondary flaps and seals. As in the case of the primary flaps, only the center strip of
the flap is exposed during dry operation. The throat and exit area of the nozzle can
be varied with hydraulic actuators to achieve optimal thrust and engine operability

during dry and augmented operation.

2.4  Altitude Test Cell Description

An altitude test cell is a facility used to test aircraft engines such as the F110
in a simulated altitude environment. Test cells can be found at jet engine manu-
facturers such as General Electric and Pratt & Whitney, and test facilities like the
Propulsion Systems Laboratory (PSL) at the NASA Glenn Research Center and

Arnold Engineering Development Center. The test cell displayed in Figure 2.10 is
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Figure 2.10:  An open altitude test cell at General Electric
Aircraft Engines in Cincinnati, Ohio. The exhaust from the
engine (black) flows directly into the exhaust collector (open
pipe on left side of picture). A control room located in the room
above the test cell is used to monitor the altitude test cell and

record engine data during tests.

located at General Electric Aircraft Engines (GEAE) in Cincinnati, Ohio, and is rep-
resentative of the variety of test cells found in business and government. As shown
in the figure, the engine is securely braced inside the test cell to stabilize it during
operation. Sensors measuring engine pressure and temperature are monitored and
recorded in an on-site control room. The engine is positioned so that the exhaust
flows into the facility exhaust collector. The exhaust collector is a long pipe that
channels and quenches the exhaust with cold water. To simulate altitude operation,
large compressors are utilized to supply air to the engine at specific pressures and
temperatures. The front of the engine experiences the same air flow, pressure, and

temperature as the aircraft in flight. The back of the engine experiences the same
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static pressure. Prior to powering the engine, an exterior door is sealed to maintain

the simulated conditions.

2.5 IR Imaging with Focal Plane Array Cameras

The intent of this section is to present basic information regarding the fo-
cal plane array camera. Specifically, a description of the focal plane array, non-

uniformity correction, and system spectral response is provided.

2.5.1 Description of the Focal Plane Array Camera. In order to acquire
a two-dimensional image with spatial discrimination, a camera must be capable of
scanning. According to Dereniak and Boreman [9], the three basic types of scanning

are raster, parallel, and staring.

In a raster scan, two mirrors are required to mechanically steer the field of view
(FOV) of a single detector in both the vertical and horizontal directions to cover the
entire scene. A parallel scan needs only one mirror to mechanically scan the scene in
a single horizontal sweep using a row of detectors. The most efficient and expedient
method to scan the scene is to use a staring scan, which as the name implies, does
not require any mechanical scanning. A staring system commonly takes the form
of a focal plane array which is a two-dimensional matrix of detectors. Each of the
detectors has an instantaneous FOV (IFOV) that when combined, fills the entire
FOV simultaneously [22]. The matrix of detectors, called pixels, are located at the
focal plane of the camera. Common size of detector arrays are 128x128, 256x256,
320x240, 320x256, and 640x512 pixels. Pixel size ranges from approximately 20x20

pm for the large arrays to 60x60 pum for the small arrays.

The focal plane array (FPA) camera has several advantages over mechanical
steering systems. Foremost, the spatial resolution does not rely on the mechanical
movement of the IFOV of a detector. Unlike a scanning camera, the relative positions

of each detector and their respective IFOV’s are fixed so that spatial discrimination
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within a scene is stable. Using a scanning camera when it is vibrating can complicate
efforts to discern the resulting image because the relative pixel positions vary as a
function of time. Another advantage of the FPA is the ability to image highly
transient scenes since the FPA images the entire scene simultaneously. As with any
technology, however, FPA’s have complications. One of the major complications is

pixel-to-pixel non-uniformity.

2.5.2  Non-Uniformity Correction.  Focal plane arrays allow for rapid imag-
ing and high spatial resolution, but the inherent non-uniformity of the pixels must
be mitigated for accurate radiometric measurement [29]. Each detector uses an am-
plifier to boost the signal induced from the incident radiation. The output of the
amplifier is digitized in an analog-to-digital converter (ADC) and then quantized into
digital counts. Due to the fabrication process, the gain and offset of the amplifiers
vary from detector to detector. Consequently, the gain and offset® of each amplifier is
inherently different [30]. As a result, each detector in the array produces a different
output for the same incident radiation. To correct for the non-uniformity in gain
and offset, a non-uniformity correction (NUC) is performed”. The detector array
is exposed to a source with a uniform temperature distribution. The camera then
computes the gain and offset correction for each detector. These correction terms
are stored in a NUC lookup table so that each detector output can be modified
dynamically.

2.5.8 Mapping the Detector to the Object Plane.  To determine the portion
of a scene that contributes flux to the detector, it is often useful to project the
detector onto the object plane [9]. From basic optics, the equation relating the

image distance, s;, object distance, s,, and focal length, f, for a thin lens is called

6The offset is the result of the dark current, which is the current produced in the absence of
radiation.
"The non-uniformity correction is also called a flat field correction or 2-point calibration.
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the Lens Law [15]:

1 1

1
—. 2.41
Sq * So f ( )

Thus, as the object distance approaches oo, the image distance approaches the focal
length. Under the assumption that s, is large enough so that s; &~ f, the linear

dimension of a single detector projected in the object plane is

Yd So
Ytootprint = — (242>
f
where 1, is the linear dimension of the single detector. Alternatively, if only the in-
stantaneous field of view, firov, is known, the linear dimension of the single detector

in the object plane is

Ytootprint = So GIFOV ) (243>

where the small angle approximation® is assumed. The area of a single square pixel

in the object plane, Afootprint, 15 simply the linear dimension squared:

Afootprint - (So GIFOV)2 . (244>

Equations (2.43) and (2.44) also apply for the projection of the entire detector
array if the IFOV is replaced with the FOV. Note that detector arrays are not
always square, so the projection of the array onto the object plane will not always

be square.

2.5.4 System Spectral Response. To characterize the response of an in-
frared FPA camera to incident radiant flux, the system spectral response, R()\), is

often employed. Foremost, it accounts for the fact that detectors are not respon-

8For small angles, sin§ and tan 6 are approximately equal to @
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Figure 2.11:  The normalized system spectral response of a MWIR
camera with a cold-filtered Indium Antimonide detector. The mea-
surement was performed by the Sensors Directorate at the Air Force
Research Laboratory, Wright-Patterson AFB, Ohio.

sive to all wavelengths. Figure 2.11 is a normalized spectral response curve for an
MWIR camera with an Indium Antimonide (InSb) photovoltaic detector that has
been filtered to approximately 3-5 pum. Notice from Figure 2.11 that the camera
is not equally responsive to all wavelengths. The system spectral response also ac-
counts for the transmittance of the optics and filters. Note that the system spectral
response, although presented in the context of IR focal plane arrays, can be used to

characterize other types of imaging systems.

Mermelstein, Snail, and Priest [25] derived the following experimental algo-

rithm for measuring the normalized system spectral response, R(\), for MWIR and
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LWIR cameras:

(2.45)

R\ = { AC(\,Ts,To) 1 {P()\*,TS) — P(\x,Tp)

AC(M,Ts, To) ] | P(\Ts) — P(\,To) |’

where AC' is the change in digital counts between a hot pixel from a blackbody at
temperature T and a cool pixel from the background at temperature Ty, P is the
flux measured at the detector, and Ax is the wavelength with the peak flux. The
experimental setup for measuring the system response includes a FPA, continuous
variable filter (CVF), and blackbody. Once the normalized system spectral response
has been determined, the flux from each pixel can be determined. Equation (2.38)
can then be augmented with the system spectral response to yield the spectral flux

per pixel:
O(N) = //e()\) Tatm(A) R () LA, T') cos s dAs dSQYy . (2.46)

If the radiation is forced to pass through an IR-transparent window in addition
to the atmosphere, the spectral transmittance of the window, 7,,,, would also be
included in the integral. Accordingly, the total flux received per pixel is computed

by integrating the flux over wavelength:
b = /// €(A) Tatm Twin(A) (A) R (A) LA, T) cos 05 dAs dQ2y d . (2.47)

2.5.5 Calibration.  Calibration of infrared FPA cameras involves correlating
the pixel output counts to a standard. Generally, the standard is either tempera-
ture or radiance. Many infrared cameras are pre-calibrated by the manufacturer to
read absolute temperature. For scientific purposes, it is often desirable to calibrate
the camera to radiance. Sections 2.5.5.1 and 2.5.5.2 describe typical calibration al-

gorithms for both temperature and radiance. The radiance calibration procedure
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is adapted from Cox [7]. For a more detailed discussion on infrared calibration,

reference [14,25,40].

2.5.5.1 Temperature Calibration. To calibrate the pixel output to
temperature, FLIR systems designed an algorithm that involves curve-fitting the
output to the Planck blackbody exitance function [27]. The calibration procedure
begins by measuring the output of each pixel in response to the radiation from
blackbody sources set at a range of temperatures. The temperature of each black-
body is measured with built-in sensors. A computer analyzes the pixel outputs, U,
and blackbody temperatures, T, and determines a set of calibration coefficients as

follows.

Assuming that wavelength is constant, the output voltage from each pixel is

modeled as

R

U(T) = 5

(2.48)

where R and B are the response calibration parameter and spectral calibration pa-
rameter, respectively. In the Planck exitance function, F' = 1, but in FLIR’s algo-
rithm, it is a third degree of freedom to account for power non-linearity, spectral

width, and temperature dependent spectral shift. Solving for temperature yields

B

Tw*immU+m'

(2.49)

Thus, given the output voltage, U, from a pixel, the pixel temperature, T', can be
determined. For accurate temperature readings, the FLIR software compensates
for target emittance, target distance, atmospheric temperature, relative humidity,

window temperature, and window transmittance.

2.5.5.2  Radiance Calibration. A power linear camera has a linear

relationship (i.e. in the form of y = ma + b) between pixel output counts and
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radiance within the dynamic range of the camera. For the radiance calibration, all
pixels on the infrared FPA are exposed to blackbody radiation for a minimum of two
temperatures, one high and one low. These temperatures span the dynamic range of
the camera. The average pixel counts, C}, and C., are recorded for each temperature.
The in-band blackbody radiance for each temperature, L, and L., is also computed
from the Planck radiance function, Equation (2.10), using the blackbody emittance.
The subscripts h and ¢ denote the hot and cold temperatures, respectively. With the
counts and radiance values acquired, the slope of the linear response of the camera,
called the inverse responsivity, can be determined by the change in radiance divided

by the change in counts:

Ly — L,
=h e 2.
"o, - (2.:50)

2.count. If the camera is operating within its dynamic

with units of W-sr—'.cm™
range, all other counts from intermediate blackbody temperatures should land ap-

proximately on the line, validating the power linearity of the camera.

The counts and radiance derived from the low temperature blackbody, C. and
L., also serve as the shift parameter (z,) and y-intercept (b), respectively. Hence,

the radiance corresponding to C' counts from a single pixel on the detector array is

Lyixet = m (C' — C.) + L, , (2.51)

where C' is the measured counts.

2.6 Propagation of Error

When using estimated or measured quantities to calculate a result, the accuracy
of the result is dependent on the errors in the estimations and measurements. For
example, as noted in Equation (2.38), the flux captured by an optic is dependent

on the emittance of the source. Therefore, the error in the calculated flux will be
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dependent on the error in the estimation of the emittance. To quantify how errors
in the estimations and measurements contribute to an overall error in the result,
a review of statistics and the propagation of error formula is provided below, as

adapted from Young [39].

Given a set of N measurements, where x; is a typical measurement, the mean

of the set, z, is

N
T=) x;. (2.52)
i=1

The mean is the average value and is also called the arithmetic mean. The deviation,

or residual, of any of the N individual measurements from the mean is

The mean deviation is the average deviation from the mean:

N

N
1 1 _
CYZNZWAZN;m—ﬂ, (2.54)

=1

where absolute values are used to obtain the magnitude of the deviations, since the
true average of the deviations can be shown to be zero. An alternate definition for
a mean deviation is the standard deviation, o, which squares each residual, finds the

mean, and then takes the square root of the result as follows:

N
1 _
o=\|% > (wi—x)2. (2.55)
i=1
The wvariance of a set of N measurements is the square of the standard deviation:

,_ 1y )2
o’ = WZ(L —I)°. 